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FOREWORD

This is an annual report prepared by Drs. G. C. Sih
and G. T. Embley of the Institute of Fracture and Solid
Mechanics, Lehigh University, Bethlehem, Pennsylvania,
under Air Force Contract F08635-70-C-0120 for the period
July 1970 to June 1971. The principal investigator for
this project is Dr. G. C. Sih, Director of the Institute
of Fracture and Solid Mechanics, and the work was admin-
istered by the Air Force Armament Laboratory, Eglin Air
Force Base, Florida, under the direction of Lt. Charles

L. Tyler and Mr. Leo L. Wilson.

This technical report has been reviewed and is

approved.
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CHARLES K. ARPKE, Lt 19n§13 USAF
Chief, Weapons Effects Division

ii




7

A SR

ABSTRACT

This report is concerned with the application of frac-
ture mechanics theory to the problem of projectile pene-
tration and the situation where an excessive amount of
energy is available to damage the target material in the
form of fracture followed by crack propagation. The con-
ditions under which this phenomenom takes place depend on
several param2ters such as the speed and shape of the pro-
jectile and the geometry and material of the target. These
conditions have been simulated in the laboratory. The
present investigation deals only with the development of an
analytical fracture model of the projectile penetration

problem using the theory of continuum mechanics.

The amount of energy required to produce a crack of
certain size in a pre-stretched plate within a very short
period of time is estimated by solving a system of dual
integral equations. Computer programs are being developed.
In addition, the energy supplied to maintain a running
crack at a certain speed is obtained with results illus-
trated by graphs. The effects of plasticity and rate
sensitivity of the material are also discussed in this

report.
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SECTION 1
INTRODUCTION

One class of problems that has received little atten-
tion relative to its potential practical importance is that
of the dynamic fracture of structures due to impact loadings.
This is mainly because of the extreme complexities of the
problems which involve, in addition to the inertia of the
structural system, such effects as plastic deformation, rate
dependent material property, non-linear behavior, etc.
Lacking in particular 1is an understanding of the failure of

structural members damaged by projectile penetration.

From 2 thermodynamic viewpoint, the energy input to a
target material is divided into elastic strain energy, plas-
tic energy dissipated in the form of heat, kinetic energy,
and the energy carried by the projectile leaving the target
material. However, if the input work exceeds the dissipation,
then the unbalanced portion of the energy will be absorbed
in creating new surfaces starting at the edge of a stress
raiser of the damaged target. This portion of the total
energy is referred to in fracture mechanics as the "surface
energy" which is also associated with quantities commonly
known as the energy release rate or crack driving force G
and, indirectly, the stress-intensity factor k (]’2). The
relationship between G and k has been recently established
by Sih (3) for all the three fundamental modes of dynamic

1




fracture. Hence, a knowledge of G or k will provide the
basis for a more efficient assessment of how cracks, once
initiated, might be stopped, and provide the first step
toward the possibility of defining a dynamic fracture tough-
ness value of a material which, in essence, determines the

criterion for arresting running cracks.

The overall problem of projectiie penetration is con-
siderably more complicated since it involves not only an
estimate of G or k but the proportions and transfer rates
among all the energies described earlier throughout the
impact process. Aside from the fracture energy, it is also
important to know the portion of the total energy that is
dissipated through transformation of the target material
which undergoes a transition from the fluid to solid state
during and after impact. A study of the material flow pro-
cess will involve the assumption of an appropriate consti-
tutive equation and a numerical scheme which necessitates
large scale computations. The final configuration of the
damaged target, such as hole diameter a..d the extent or speed
of petalling cracks, depends on the distributicn of the re-

maining input energy.

The material flow process concerned with the formation
of holes in plates or the perforation of impacted plates

has been studied by Taylor (4), Chen (5) (6’7).

, and others
This report deals mainly with crack formation under impact
and the conditions under which the cracks or flaws might

2
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trigger catastrophic failure of the target material. To
this end, the first year effort has been devoted to assess
the amount of energy dissipated by the sudden appearance of
a crack in a prestretched target material, a crack running
at a constant speed, and the effect of plastic deformation
ahead of a moving crack. Other considerations, such as crack
acceleration and rate sensivity of the material,wiil be

treated in the future.

A general expression for the dynamic energy release
rate of a crack undergoing arbitrary motion is developed in
Section II. This is essentially the work done for opening
a line segment ahead of the crack. For constant crack ve-
locity, the expression reduces to that of the path indepen-

(3)

dent integral derived in

The problem of transient loading on 2 crack is considered
in Section III. Use is made of integral transforms coupled
with the technique of Cagniard (8) used for solving geo-
physics problems. There are several ways that this
model may be of use. For example, perforation of a stressed
plate (or pressure vessel) by spall debris could result in
what may be approximated as the sudden appearance of a crac"
and subsequently lead to catastrophic failure. In an un-
stressed plate the projectile itself could create and, over
a short period of time, load & crack. Such a crack can be
seen in Figure 78 of Reference (9). The results in terms
of dynamic stress-intensity factors are plotted as a function

of time. 3
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In Section 1V, several models of propagating cracks
are considered. Through use of a simple model, in which the
plastic yielding is assumed to occur in a narrow region
ahead of the running crack, the amount of energy dissipated
in the various running crack models is calculated. This
information is essential in estimating the fracture energy

of the projectile penetration process.

Thus, the overall objective of understanding the pro-
jectile penetration problem will be accomplished by first
solving a number of idealized problems where the various
effects can be treated separately. Evaluation of the pro-
blem as a whole requires a coordinated effort of research

in several areas which are still being investigated.
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SECTION 11
DYNAMIC CRACK DRIVING FORCE

An expression is derived here for the energy release
rate associated with a moving crack tip. This derivation
is, in principle, the same as that given by Atkinson and
Eshelby (10) in consideration of the Broberg model (11)
which deals with the case of a constant velocity crack run-
ning at both ends. This provides the basis for computing
the amount of energy released by a running crack in the

target material after impact.

The general expression derived in Section 2.1 does not
depend on behavior of crack velocity with respect to time.
Subseguent reduction is made for uniform crack extension
both for a steady state and non-steady state of stress ahead
of the crack. The general result for both of these cases
of uniform crack extension may be written in terms of a con-
tour integral which Sih (3) has shown to be path independent.
The energy calculation for the problem of a uniformly ex-
panding ¢rack with a Dugdale-type plastic zone is treated
separately as the general expression cannot be readily

applied.
2.1 GENERAL DYNAMIC CASE FOR ARBITRARY CRACK MOTION

An energy balance must be written for a contour C en-

closing the tip of a crack moving with a constant velocity

vV as shown in Figure 1.




vt ko

=

Figure 1. Arbitrary Contour Around a Moving Crack Tip.




The fixed coordinates are (X1’Xz) and the moving coor-

dinates attached to the crack tip are (xl,xz) where

xj = Xy - VS (i = 1,2). (1)

i i i i
For a given system of particles surrounding the crack
tip the increment of irreversible energy pumped into the

crack tip is given by the relation
-AaG = AE - AU (2)

where G is the rate at which energy is dissipated by the
moving crack, AE is the increase in total energy, and AU

is the work done on the system.

Referring to Figure 2, the system of particles to be
considered is included in the area A, bounded by C and the
area A1 bounded by C1 and C at time t. AL time t + At the
same particles are bounded by C (enclosing A,) and C and
c, (enclosing Az). Note that C, and C, are fixed contours

and C is a moving contour. Then

AU = J AuT.ds (3)

C +C
112

and

AE = J g(xk,tw_\.t)dAo = J g(xk,t)dA°+ J £(X,,t)vatdX,
A, A -C

0 2

. J g(xk,t)vAdX2 % J 0(at?)dx, (4)
C +




“‘~\\2(/_AW
~N
_\ \

-\ Aa

| F— Xj
Ao | J
C // G
Time = t
X2
A, Aa = vAL

Time = t + At
Figure 2. Incremental Motion of Crack Tip.
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where

Uy et h ek 1
E=W+ o0 g = W+ g e . (5)

Noting that C ,+ C, coincides with C in the 1imit and

dividing through by At, the limit as At->0 is

or

y a =
vG + I 3t C‘XIC‘X2 S J [g(xk’t)dez + T-iu-ids] 0 (6)

A, c

2.2 STEADY STATE AND STATIC CASE

For the steady state case

3 _
ot 0
and
Dui aui au1 aui
5T "3t " VoW, T Vo, (7)
Then
g aui
6y = | [EMnax, - Ty g5t ds) (8)
C
where
du. aJu.
* = Sy i
2 (xk) =l S 5 B X axl . (9)




For the static case, the energy release rate is also

given by Eq. (8) with the kinetic energy term being zero.

Thus,
aui
By = f [Wdx, - T, 52— ds] . (10)
C 1
: . o (12) . ;
This result was given by Rice . The integrals in Eqs. (8)
(3)

and (10) are path independent, as shown by Sih for

Eq. (8).

2.3 BROBERG'S PROBLEM

For the case of a uniformly expanding crack of length
2vt, 9&/3t is not zero. However, making use of the dis-

placement and stress solutions which are given in Appendix I

-h

or mode I opening, it may be shown that in the limit as the
area enclosed by the contour is reduced to zero the following

expression holds:

. 1S
Tim = dA = 0 .
=0 i ot 0 (]])
0
P Hence,

Making use of Equations (5), (7), and (9), the preceding

expression for GI may be written in the form,

U .

Y * i

GI = 1im J [£ (xk)dx2 - Ti T ds] +
C-»0 c 1

10
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As was the case for Equation (11), the second and third integrals
on the right hand side of Equation (13) reduce to zero in the
limit as C>0. Since Sih has shown that the remaining inte-
gral is path independent (3), the expression for GI is the
same as given in Equation (8) for the steady state case. Thus
in terms of the function F (stz) which is defined for
several cases of uniform crack extension in Appendix I, a
general expression which is applicable to all cases of uni-

form elastic crack extension in mode I that are considered

here may be written

[ep]

R ENUEERICICI AR O 4y
where

G*=]'imG =1T!K+]Z k2 (]5)

I a0 1 8u 1

with k1 being the corresponding stati- stress-intensity

factor for the particular problem under consideration and
with

3-4v Plane Strain

(3-v)(1+v)» Plane Stress.

11
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2.4 PLASTIC ENERGY DISSIPATION

Consideration of the effects of ductility upon dynamic
crack extension may be made by use of the Dugdale LIS
hypothesis which is explained in detail in Section IV. For
steady state problems where the plastic zone size remained

fixed with time, the energy release rate (or plastic energy

dissipation) may be calculated by direct application of

Equation (8) to an equivalent elastic problem.

Consider, however, the motion of an expanding crack of
length 2c where ¢ is a function of time and with a thin
Dugdale-type plastic zone located ahead of the crack tip.
As shown by Atkinson (14) (see Section V) for uniform ex-
tension, this plastic zone must be expanding with time in
order that the Dugdale hypothesis of finite stress at the
end of the plastic zone be satisfied. Therefore, the re-
sults of the first part of this chapter cannot be used here
even for the uniformly expanding crack since the contour C,
which must enclose the entire region where energy dissipa-
tion takes place, was assumed to be fixed in shape and size.
Obviously, an expanding plastic zone size would demand an

expanding contour and therefore a separate analysis for

this case is made here.

Figure 3 shows the configuation of the crack surface
and plastic zone boundary at times t and t+At during which

time the crack edge extends by an amount Ac = v(t)At and

12
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T
| c(t) ‘ LAC
alt) | L Aa
Figure 3. Change in Displacement of Crack Surface and
Elastic-Plastic Interface over Increment of
Time At.
(o]
G22.
X2
0-22=Y 0'22 =Y

c(1)
a(t)

T

Figure 4. Geometry and Load Configuration for Equivalent
Elastic Problem.
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the plastic zone extends by an amount Aa = B(t)at (na>ac).
The expression for the increment of energy released on the
right-hand side of the crack is then equal to the plastic

energy dissipated in the movement shown.

R_.calling the issumption of a thin plastic strip, the
elastic-plastic problem being considered may be converted
to the elastic problem of a crack of length 2a with tensile
stress equal to the yield stress Y of the material acting
on the region c<x<a of the crack surface (see Figure 4).
The negative work done by these tractions is then equal to
the plastic energy dissipation and, for the case of per-
fectly plastic material, where Y is constant, the resulting
expression for energy released during the interval f time

At is

a
1
G,AC = -AU_ = 2Y I Sl dxl (17)
c

where GI is the energy release rate per unit crack extension,
AUp is the work done on the elastic plastic boundary, and
u, is the displacement of the crack surface in the xz-direc-

tion.

Now introduce the dimensionless time variable T as
T i=en (18)

and normalize the crack velocity v and plastic zone velocity
B with respect to c, so that the following normalized crack

velocities are defined:
14
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b(t) = léil > 0 c
1 )

Then, the result in the limit as At-0 is

d
G.b = 2Y f —L dx . (20)
C

The calculation or GI for uniform crack extension, u, with

b and Bo constant, is carried out in Section V.

15




SECTION 111
SUDDEN APPEARANCE OF A CRACK

The response of a solid medium to the sudden applica-
tion of loads or the sudden appearance of geometric defects
has engendered considerable interest in the past. However,
it has been only recently that any consideration
has been given to the propagation of transient elastic waves
in bodies containing mechanical flaws or cracks. Due to the
crack geometry this class of problems involves mixed edge
conditions where both stress and displacement must be pre-
scribed on a particular boundary. Such conditions can give

rise to singular stresses.

An important case associated with the problem of pro-
jectile penetration is that of a crack appearing suddenly
in a stressed medium. The associated disturbance due to the

- v may be studied in two separate regions: the local re-
gion near the crack edge (near-field) or the region close
to the wave front propagating away from the crack (far-
field). In fracture mechanics, much of the interest is
centered on the near-field solution which describes the
condition of possible crack extension. The far-field solu-
tion may be of use in determining the effects of the crack
on other parts of the structure. The necessity of descri-
bing the two solutions separately is due to the adopted
mathematical technique for solving crack problems which
generally yields a tractable solution in only one of these

regions. 16
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A number of crack problems of this type have been
solved for the case of anti-plane shear (see for example,

Kostrov (15)

); however, the mathematical techniques employed
are so far inapplicable to problems of in-plane loading.
For in-plane loading, the only crack problem that has been
solved so far is concerned with the case of a semi-infinite
crack suddenly appearing in a stretched elastic plate.

l6)and Baker (17) have considered this problem using

Maue (
the Weiner-Hopf technique. The solution obtained is un-
bounded as t»~ and does not permit meaningful comparison
with a static case; however, the near-field stress solution
is valid near the tip of a finite crack for the initial

period of time before interaction with stress waves emana-

ting from the other crack tip occurs.

In this section, the complete near-field solution to
the problem of a finite line crack subjected to transient
ir-plane lvading will be considered. The transient response
of the material in the neighborhood of the crack tip will be
obtained for the case of sudden application of self-equili-
brating tractions to the crack surface. The crack is con-
tained in an initially unstressed infinite elastic plate
and is oriented as shown in Figure 5, For mathematical
simplicity, the l1oad is separable into a spatial and temporal
function where the spatial function is even in X, . Symmetry
conditions then allow the problem to be sclved in the upper
plane only (18) The special case where sudden uniform
pressure, oH(t), is applied is treated in detail. Here,

17
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H(t) is the Heaviside step function. The addition of this pro-

blem to the case of an infinite uncracked plate under uni-

form tensile stress o corresponds to the problem of the

sudden appearance of a crack in a stressed plate.

The analysis is done in two major steps. The problem

is first formulated with the aid of Fourier and Laplace
transforms and reduced to a Fredholm integral equation in
terms of the Laplace transform variable. The Laplace trans-
forms of the stress components are then inverted by a com-
bination of numerical means and application of the Cagniard

inversion technique.

3.1 FORMULATION OF PROBLEM

For plane elastodynamic problems, the displacrment com-
ponents may be expressed in terms of two scalar potentials,

¢(x1,x2,t) and w(xl,xz,t) so that

1 Bxl sz
(21)

UL = = e eyl

2 8x2 Bxl

where ¢ and Y satisfy the second-order partial differential

equations
2 2
v2¢=]—23—?1 ; V2¢=]—2u (22)
¢ at? c, at?

with V2 being the Laplacian operator. The dilational and

19
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shear wave velocities are, respectively,

1
2

¢, = [Owan/pdE ¢, = (wo) (23)

where XA and p are the Lamé constants.

Applying the strain displacement and constitutive equa-
tions for a homogeneous isotropic elastic media, the stresses

may be written in terms of ¢ and y as,

Q
1]

2 2 3 Wy, 39
11 DCIV ¢ + 2pc, X, (axl + )

9 X
\ 2
s arpl2o2p L 2 0 oy _ 39
O22 pClV ) 2pc2 8x1 <8x2 3x1> (24)
2 2 2
Ghaas '°C§ s + 2 5%_%§-
ax?2 axg 2 g

If the material is initially unstressed, the stress
and displacement field due to sudden application of normal
tractions to the crack surface may be found by solving the
preceding field equations subject to zero initial conditions

and the following boundary conditions at x, = 0:

0,,(x,0,t) = -oq(x )f(t) , for |x |<a

]
o

olz(xl,o,t) , for 0<|x, |<w (25)

"
o

u,(x,,0,t) . for |x1|>a .

In addition, the condition on displacement at infinity is

20




1im [ul(Xl,XZ,t) ’ uz(xl’xz’t)] =R10

2 (S o
Xl + )\2

The parameter o is a constant with the dimension of stress
and q(xl) is restricted to functions that are even in  H

that is,

g%, ) = gl )

3.2 DUAL INTEGRAL EQUATIONS

Recalling that the initial conditions are zero, the
Laplace transform may be applied to Equation (22) with the re-
sult

v2e* = (p/c,)?e* . vRy* = (p/c,)y” (26)

where the Laplace transform pair is defined by the equations:

*
() = [ f(t)exp(-pt)at
0
fF(t) = - £ t)d
(t) = 57 (p)exp(pt)dp
r
P where the second integral is over the Bromwich path (]9).

In order to reduce Equation (26) to ordinary differ-
ential equations, the Fourier cosine and sine transforms will

be applied. The Fourier cosine transform pair is

E NN

1 1 1

fa) = [ f(x )cos(axl)dx , f(x. ) = J F(a)cos(axl)da
0 0

21
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and the Fourier sine transform pair

ERLS

1

fla) = [ flx)sintax ax, o flx,) = [ Fladsin(ax,)da .
0 0

The application of these transforms will depend on whether

the function under consideration is even or odd in X, -

By consideration of the symmetry properties of tha
boundary conditions,it can be shown that for the case con-

sidered here,
¢(X1,X2,t) = ¢('X1,X2,t) H w(Xl,XZ,t) = 'W(’Xl,xzt)

and the solution may be considered in the first quadrant of

the plane.

Then, the Fourier cosine transform is applied to the

function ¢* and the Fourier sine transform is applied to

*

v* in Equation (26), the result being,

2Tk _
S0 . [a® + (p/c,)?TF* = 0
dx,
2 (27)
2,,.% 2 A
d°y_ - [aZ + (p/cz) ]w* =0 .
dx?
2
Solutions to Equation (27) that satisfy the regularity
conditions at infinity are
¢* = 3 Ala,p)exp(-v,x,)
(28)
v* = % Bla,p)exp(-v,x,)

22




provided the a-plane is cut so that

Vot 4 (p/e)? 20 wmcace (5= 1,2)

The inverse Fourier transforms of Equation (28) are

-
n

A(a,p)exp(-ylxz)cos(axl)da

<
n

B(a,p)exp(-yzxz)sin(axl)da .

—
(RS
O

~—

The quantities y, and y, in Equations (28) and (29) are defined

as

Y1=W/g2 + (p/cl)2 S, =W/L2 & (p/cz)2 :

By combining the Laplace transform of Txy with ¢* and
v*, the second boundary condition in Equation (25) may be expressed
in the form,
i 2 )
[ ov,Aeup) - [a® + 3 (p/c,)"18(a,p) sin(ax,)da = 0
0

0 <|x, < ».

The preceding equation is satisfied for all X, by defining
a new function D(a,p) such that

[a? + 1

(p/c,)’]
Yl

o

A(a,p) = 0(a,p) , B(o,p) = aD(a,p) .

Then, referring to Equation (29), ¢* and w* may be written as

23




1 1
Y 2a2k2

)D(G,P)GXP(-lez)cos(axl)azda

D(a,p)exp(-yzxz)sin(axl)ada

O 8 O 8

with the parameter k defined as,
k = cz/p.

Finally, the first and third boundary conditions in Equation (25)
may be applied by substitution of Equation (37) into the Laplace

transforms of o, and u,. The resulting set of dual integral

2

equations is,

i aa(x )f*(p)
g(ak)D(a,p)cos(axl)ada = . Ix l< a

! op? 1

1 (31)

I D(a,p)cos(ax )da = 0 |x1|>a

0

where f*(p) is tha Laplace transform of the function f(t) in

the first of Equaticen (25) and where
g(z) = 222[1+(c /zm"f{n )0 ¥ /z)zfﬁ}
g 222 2?2 2
with

C, = c2/c1.

In order to put the dual integral equations in a form

amenable to solution, the first of gquation (31) is integrated

24
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with respect to x, over the interval (O,Xl). The result is

[ _ aQ(x,)f"(p)

f g(ak)D(a.p)s1n(ax1)da E Ix)|<a

0 pp?

[ (32)
] D(a,p)cos(axl)da = 0 lx1|>a

0

where

Following the usual argument for solution of dual inte-

(20)

gral equations , a displacement related function h*(x ,p)

is defined by the equation,

h*(xl,p) = % J D(a,p)cos(axl)da . (33)
0

Then, noting that the second of Equation (32) requires that
h*(xl,p) be zero for |x1|>a, the Fourier inversion theorem
leads to the expression
d
D{a,p) = J h*(xl,p)cos(axl)da . (34)
0

The function h*(xl,p) is to be constructed to possess the
proper asymptotic behavior at the crack border, so that the
near-field displacement is proportional to the square root

of the distance from the crack edge. To this end, let

25
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a *
n*(x ,p) = f i) i 0<x,<a . (35)
: /12-x2 :
)
1

Substitution of Equation (35) into Equation (34) and application of

the identity (21)

where Jo denotes the zero order Bessel function of the first

kind, lTeads to the expression

a
D(a,p) = % [ U*(r,p)Jo(ar)Tdr . (37) |
e

In order to rewrite the first of FEquation (32) as an
Abel's integral equation for U*(7,p) a function W(ak) is

introduced such that,

W(ak) = (]-ci)—g(ak). (38)

By virtue of Equations (37) and (38), the governing integral

equation takes the form

i 1 , 9Q{x,)f*(p)
(1-¢2) | W0 (rap)e | 9, (av)sin(ax )dalr = 2 ;
J 0 1 m 2
0 0 pp

a w
+ J U*(T,p)r J w(ak)Jo(ar)sin(axl)da]dr |x1|<a.
0 0

(39)
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deRany)

Using the identity,

w 0 0<x, <t
f Jo(aT)sin(ux Yda =
: -k
0 (xi - 12) X, >T
the desired form of Abel's integral equation (22) is obtained.

o Q(x )f*(p)
(]_Cz) J U (t,p)tdt _ % oRAX, P

e op?
d @

e [ttt | Wak)a, Gan)sintax,)daddr  Ix, J<a -
0 0

Inversion of the preceding equation vields

T *
* 2 1 2 oq(x )£ (p)
(1-C§)U (t,p) = = J —:'_X {%' 1 -
0 b

2 pp
a ©
+ [ U*(eae)r [ W(ak)y, (ag)cos ox, Jadalde b dx,
0 0

T € 6 E (40)

Now, introduce the non-dimensional variables

£ = 1/a , n=1g/a, s taa , Z = xl/a

and define

k = k/a 8(z) = W(za)

A*(E.0) = (1-c2) pp*vE U*(£a,p)
af*(p)

&
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Then, making use of Equation (36), Equation (40) may be written in

the form of a Fredholm integral equation of the second kind.

VEE'ZZ

>

1 &
2 (z)- [1" () K(En)dn = 2 vg| El2ldz (a1)
0 0

whose kernal, being symmetric in £ and n, is

K(g,n) = /En f SW(SK)JO(SH)JO(SE)dS, 0<g<1, 0<n<l
(]'Cz) 0

For rapid convergence of the infinite integral, define

a function d(z) as

zZ2+4E2

where, in order that d(z) be of order (z)'6 for large z,

H and E2 are chosen as

Ho= 3 (3¢ - 4c +3)
, [5cg - 6c* + 2c? + 1]
B = BH
Since
[ a,tsma se)ses = 1) (Eok (B8, oceen
0 (aK)2+E2 K

the expression for the kernal in the Fredholm integral

equation becomes
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sd(SK)Jo(sn)Jo(sg)ds:]

0<g&<n

Rt
<
—
Y
=
g
it
Y
=]
I 1
II
g
(=]
—
Y
m
S
<
—
IJ
m
S
+
o— 8

where Io and Ko are the zero-order modified Bessel's func-

tions of the first and second kind respectively.

Making use of Equation (37) and the definition of A™ the
unknown function B(a,p) may be written in terms of the

solution to the Fredholm integral equation as,

1

2%

0la,p) = 00D | [uﬁ_l ), (wac)ede
(1-cilop® g L VB

This expression may be integrated by parts witk the result

D(a,p) = —gﬂf:igl—-{A*(l,K)Jl(ua)
(1-c2)op?a

d_ | AT(8,x)
T[—fé—‘] Jl(uaa)gda} (42)

1
oOV—1u—

from which the stresses and displacements may be determined.

3.3 TIME DEPENDENT STRESS FIELD

The integral expressions for the Laplace transforms of
. the potentials ¢ and ¢ are now completely determined and,
making use of Equation (24), corresponding expressions for the
Laplace transforms of the dynamic stresses may be obtained.
i It remains then to take the inverse Laplace transforms.

This may be accomplished by applying the Cagniard-DeHoop
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inversion technique (8, 23).

Due to the complexity of cal-
culation, the detailed procedure will be given only for the

first stress invariant, o, t 0,,"

From Equations (24) and (26) the Laplace transform of

a + g is
11 22

oh o 3 ok = -2pp?(1-c2)o* (43)
The part of the solution of interest here is the singu-
lar solution near the crack tip. For this portion of the
solution it is sufficient that only the first term on the
right hand side of Equation (42) be retained. The integral
expression in D(a,p) is associated with terms that remain

finite at the crack tip.

Putting ¢* in Equation (30) into Equation (43), the near-field

solution for c,, t o0 in the transformed plane is

12

1
0%, + 0%, = 20t N0 | o [e + g (p/c,)]
0

. Jl(aa)exp(-lez)cos(axl)da ! (44)

Changing the variable of integration to a= wp and noting

that J (awp) is an odd function with respect to w, Equation (44)

becomes
* * * * =
o, ,*0,,= -oaf (p)A (1,x)p J T(w)Jl(apw)exp[-p(/m*cgfx2

-a
- dwx )]dw
1
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in which T(w) stands for

w?> + (1/2c2)
w/w2+‘|7c25 )
1

T(w) =

Making use of the identity (2]),

:jl_a.

m
Jl(x) = j exp(-ixcosw)cos(w)dw
0

Equation (44) further simplifies to

il s 0
0?1 4 022 S lﬂ%ﬁ f*(p)A*(1,K) j cos(w)dw{ j T(w)
0 - 00
exp [-p(VwZ+cTZx, -iwX)]) dw | (45)

The variable X is given as

X = X,~ acosw .

To evaluate Equation (45), consider first the function -

defined by the relation

"n 00
s J coswdw J T(w)exp[-p(¢w2+c;§x2-iwx)]dw ) (46)
0 -0

This function is in a form suitable for evaluation through
the Cagniard-DeHoop method. The objective then is to trans-
form the integral on the right-hand side of Equation (46) into

a recognizable Laplace transform. This may be done by making

the change in variables,
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/"‘—'—"_:"" ”
T=vw2+cl2 x2-1wX.

Solving for w as a function of T yields

X .
W= +/AT T (RfeJT — + MI (47)
- R? R?

in which R? = X* + y2,

The remainder of the procedure consists of treating w
as a complex variable and locating a path in the w-plane
along which t is a positive number. Referring to Figure 6
and noting that the integrand in Equation (46) possesses branch
points at iicl, cuts are made in the w-plane as shown in
order that the function Vw2+(1/cl)2 be single valued and
have a real part that is positive everywhere in the w-plane.
If T is restricted to real non-negative values, Equation (47)
is the equation of a hyperbola in the w-plane. If X>0 (X<0)
the hyperbola will be in the upper (lower) half of the w-
plane. The path of integration in Equation (46) can be converted
from the real axis to the aforementioned hyperbola by making
use of the Cauchy integral theorem and Jordan's Lemma.

Thus, after changing the variable of integration to t by
means of Equation (47), it is found that

m
1* = f coswdw f [T(w+) %%i - T(w™) %%L]GXP('PT)dT
0

/4 (48)

where the (+) and (-) superscripts refer to the right- (left-)
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Figure 6, Path of Integration in w-plane.
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hand legs of the hyperbola. Noting that the inner integral
is in the form of a Laplace transform it is a matter of
inspection to write the inverse Laplace transform of - as,

+ =
i T(w™) %%—JCOSwdw (49)

o

a
+

1

(o) = | Hees Bprwn)
0

where H(t) is the Heaviside step function. Referring to
Equations (45) and (46) and making use of the convolution
theorem for the Laplace transform, the stress invariant is

obtained to be

t
LIS IS N i%g J m(t-t)I(t)dr (50)
0
where
m(t) = L7 [pf*(p)A*(1,x)] (51)

with L™} being the inverse Laplace transform operator.

In order to determine 011+ o} in the region near the

22
| crack tip it is necessary to extract the singular portion
of I(t) from Equation (49). Without going into mathematical
details, it is easy to show that, as long as c,t is suffi-
ciently greater than r, the radial distance measured from

the crack tip, I is independent of time, i.e.,

a a
sl [ J qdq v qdq ]
- Yy (q-2)vaz-q2 7 (g-2)vaZ-q?
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with
= 4+ i = - 3
Z X 1X 5 Y4 X1 'IX2

and where the transformation of variable,

Q = acosw

has been made.

Making use of Chapter 4 of Muskhe]ishvi]]i(24), the
evaluation of the above integrals near the crack tip leads

to the following expression for the singular portion of I,

[ = 211

cos(6/2) + ++o
vy2ar

where r and 6 are polar coordinates with the origin attached

to the crack tip as shown in Figure 7.

Then, referring to Equation 50, it follows that the near

field solution for the stress invariant is

o, to,, " 20:E M(t)cos(6/2) + +-- (52)
where
t
M(t) = J m{t)dt . &3
0

In a manner analagous to the static theory of brittle
fracture, a dynamic stress intensity factor, kl(t) may be
defined (3)
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Figure 7. Wave Fronts Emanating from Crack Tips.
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Kk, (t) = M(t) a . (54)

With this definition the individual stress components may

be evaluated, the result being

k (t)
o = _{Z_ cos(8/2)[1-sin(6/2)sin(36/2)] + -
ver
k (t)
o,, * cos(8/2)[1+sin(6/2)sin(306/2)] + -«
Vor
K, (t) |
0,, © —fE:— cos(6/2)sin(6/2)cos(36/2) + --- (55)
vervr

Thus, the stress field near the crack tip has the same
spatial distribution for the dynamic case as for the static
case the only difference being that the intensity of the
field is a function of time. The time dependent stress-
intensity factor kl(t) is related to the function m(t) which,
noting Equation (51) depends ultimately on the function A*(I,K).
Thus, in order to obtain the stress-intensity factor for a
given time dependent load applied to the crack surface, it
is necessary to first numerically solve the integral Equa-
tion (41) for A*(l,K) for various values of the Laplace
transform variable p. Inversion of the Laplace transform
numerically then enables the evaluation of M(t) and thus

k,(t). This procedure is described in Appendix II.

Numerical results have been obtained for the case of a

uniform load o suddenly applied to the crack surface. That
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is, Jq(x,;) 1is a constant, and f(t) is the Heaviside step
function H(t). By superposition, this type of loading cor-
responds to the sudden appearance of a crack in a stressed
plate. The solution tc the Fredholm integral equation,
2*(1,<) for this case is plotted in Figure 8. In Figure
9 the dynamic stress-intensity factor, k (t), normalized
with respect to the corresponding static value ova, is
plotted as a function of czt/a. The ratio of shear wave
speed, c_, to dilatational speed c, that was used is 0.542
the value for steel. The significant feature of the solu-
tion is that the stress-intersity factor reaches a peak
greater than the static value and subsequently oscillates
about that value with decreasing amplitude until, in the

1 it als g=ey ko = c/a. When k, reaches its maximum value,
c,t/a is approximately equal to 3.0. For a crack where a
is equal to one inch, this corresponds to an elapsed time of

2l X T s Cp

The method used here to determine the asymptotic be-
havior of the near-field stress solution requires only that
the stress wave boundary be well beyond the region of in-
terest. Thus, if the stress field is to be valid within a
distance € of the crack tip, the condition on the time
elapsed is c,t>>¢. As long 2s € is kept small enough, the
solution is valid for all time (except very near t = 0).
This cordition nn € i5, of course, in addition to the usual

static restriction that t<<a.
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SECTION 1V

PLASTICITY MODELS OF STEADY STATE CRACK EXTENSION

It is well known that upon reaching a certain critica!
stress or strain level the material in a region local to the
crack tip will separate,causing crack propagation in a
manner determined by the character of the stress field caused
by impact and the structure of the target material. In ma-
terials without a substantial amount of yielding, the crack
will normally start its motion abruptly and then very ouickly
settle down to a uniform speed. To estimate the amount of
energy carried by a running crack, it is essential to have
a mathematical description of the stress state near the crack.
This is important in determining the condition required for

cessation of crack motion.

For static problems, plasticity effects have been in-
troduced into fracture analysis with a satisfactory amount

(12) for example).

of success (see a review article by Rice
However, very little analysis has been done which deals

with plastic behavior of material in the neighborhood of
propagating cracks. For the few elastic solutions to dynamic
crack problems which exist, the introduction of plastic

effects causes complexities which, with the exception of

the Dugdale model, have been beyond resoluticn.

The elastic crack propagation problems that have been

studied are in two basic configurations. The solutions of
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Yoffé h2s) and Craggs (26) are representative of the first
type (steady state). Yoffé considered the problem of a
crack of fixed length moving through an infinite elastic
continuum with a constant velocity. Craggs considered a
similar problem where a semi-infinite crack propagates at

a constant velocity and upon which tractions are applied to

a segment of the surface which moves with the crack tip.

(11)

Broberg's analysis of the physically more realistic
configuration of a crack whose tips are expanding away from
the origin at a constant rate is representative of the

second type. The solution obtained by Broberg was also ob-
(27)

tained by Craggs who made use of the dynamic similarity

possessed by solution.
4.1 THE DUGDALE MODEL

One available tool for extension of these configurations
to include plastic tehavior is the Duygdale (13) model. The
Dugdale hypothesis, proposed for the case of plane stress
yielding ahead of the crack tips, postulates that the yielded
zone is a narrow region in the plane of the crack (see Fig-
ure 10). For a stationary crack of length 2c, the length
of this zone is calculated by solving the elastic problems
of a crack of length 2a with remotely applied tensile stress
P and with tensile stress Y distributed over a length (a-c)
of the crack which represents the boundary of the plastic
zone (see Figure 11]. A relationship between the geometry

of the crack and plastic zone, the applied load,and the
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Figure 10. Line Crack with Dugdale Plastic Zone.

Figure 11. Equivalent Elastic Problem for lLine Crack
with Dugdale Plastic Zone.
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yield stress Y is obtained through the requirement that
stress be finite at the end of the plastic zone. The ex-

pression thus obtained is

c _
3 COS(

This result was compared favorably with experimental measure-

5. (56)

NE

ments by Dugdale.

Subsequently, the Dugdale model has been incorporated

into the case of a propagating semi-infinite crack by Goodier

and Field (?8) the Yoffé model by Kanninen et a1 (29)

(14)

,and
the Broberg model by Atkinson In this section and

Section V, these models will be examined with special atten-
tion directed toward the energy dissipation associated with

each.
4.2 STEADY STATE CRACK PROPAGATION PROBLEMS

For steady state problems, with a disturbance moving to
the right with velocity v in an infinite or semi-infinite

medium,the Galilean transformation of coordinates, X = X -
i
Vt61i’ allows the reduction of the number of independent

variables from three to two. Thus, many of the powerful
tools of two-dimensionai analysis may be brought to bear

on the problem. In particular,the complex variable technique
of Muskhelishvilli is of qreat use in dealing with steady

state crack propagation problems (see References (30),(3]), and

(32).

Thus, for a crack moving with velocity v, the stress
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components of dynamic plane elasticity may be expressed in

terms of two functions (3]), @j(zj), (j=1,2), of the complex

variables Zj as

o, = -2Re[s? + 2(1-s2)¢,(z,) + ¥(1+s2)0,(z,)]  (57)
o,, = (I1+s2)Refe (z,) + ¢,(z,)] (58)
(1+s2)
o, = 2Inls ¢ (z,) + o ¢,(z,)] (59)
S

z, = x_+dis.x, , j=1,2 (60)

with (xl,xz) being the coordinates in a frame of reference

attached to the crack.

Similarly, the displacement field is

u, = - ]ﬂ Re[o (z,) + %(1+s§)¢2(22)] (61)
. [ 1+s]
u, = 7 Inls;¢,(z,) + 5 . ) ¢,(z,)] (62)
in which
¢;(z5) = f v (zg)dzy 3= 1,2 (63)

Due to simplicity of anaiysis then, most crack propa-

gation problems that have been solved are steady state. The
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two examples considered in this section are a semi-infinite
crack with self-equilibrating concentrated loads Q applied
at a fixed distance ¢ from the crack tip and a finite crack
of fixed length 2c. Both cracks propagate with constant

velocity v.
4.3 SEMI-INFINITE CRACK

Considered here is the case of a semi-infinite crack
whose motion is maintained by ccncentrated loads, Q, at a
distance ¢ from the crack tip. The geometry is shown for
the elastic case in Figure 12 and for the plastic case

in Figure 13.

The stresses and displacements for the elastic model
may be obtained from Appendix I. Makina use of Equation (14},
the elastic energy release rate for plane stress is
2
G (1+v)sl(1-sz)

Tx - 2 (64)
6] 4s.s, - (1+s2)

Pt

*
where GI is the corresponding static value of the energy

release rate and Sj (j=1,2) 1is defined by Equatior (I-f). For

*
the semi-infinite model GI is
G, = 1im G, = ) (65)

The ratio GI/G; is plotted in Figure 18. This result is
also valid for the case of the fixed length finite crack

*

(with appropriate change in GI)‘
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Semi-infinite Crack Loaded with Concentrated
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Semi-Tnfinite Crack with Dugdale Plastic Zone.
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Figure 14.
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Equivalent Elastic Problem for Semi-Infinite
Crack.
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Using the Dugdale hypothesis a thin plastic zone ahead
of the crack may be represented by an extension of the crack
by a length equal to that of the plastic zone. Over this
added increment of crack length tensile stress, @,, = Y
equal to the yield strength of the material is applied. This

is shown in Figure 14.

The incorporation of plasticity into the semi-infinite
model may then be accomplished by direct application of the
elastic solution as follows. The solution to the elastic
problem with the coordinate system attached to the crack

(32)

tip, as shown in Figure 12, has been derived by Sih 3

where the stress functions introduced in sub-section 4.1 are

5(25) = -g;5(s ,s,)0/e/zZ; (53%;0 (66)

with the functions gj(sl,sz) being

(ke
g (s ,s ) = (67)
112 n[4slsz-(]+s§)2]
45152
gz(sl’sz) = - . (68)

m(1+4s2)[4s s,-(1+s%)?]

The corresponding displacement functions are, through

Equation (63),

: <1/73 + /E)
¢.(z;) = ig.(s ,s_ )Qan| —1——]. (69)
J ] J 172 1'/Z_j‘_/E




The preceding equations represent a fundamental solution in
that they may be used to construct the solutien for an arbi-
trary distributed load on the crack surface. For the problem
of interest here,it is necessary to find the solution when
uniform tractions of intensity p are applied to the segment

cof the crack lying between x, = -d and x, = 0. That is, Tet
Q = pd¢ and ¢ = -¢§ (70)

and integrate Equation (€9) over the interval -d<£<0, the result

being
. ivz, + /d
¢:(z.) = -p/d g.(s ,s )(2/2— - 2 (d+z.)en| —L—
itd Jl¢.LJ /d J S - /@
J

(71)

The stress functions éj(zj), upon differentiation of Egs.

(71) are found to be

(1/2—.+/a
; = - T - N \
¢j(zj) pgj(sl,sz) 2\/372J ign s (72

J

The solution to the elastic-plastic problem, where the
loads Q are at a distance ¢ from the physical crack tip and
where the plastic zune extends a distance d beyond the crack
tip may now be obtained by the principle of superposition
(see Figure 14). That is, replace ¢ by c+d in Equation (£6),
let p = -Y, where Y is the yield stress, in Equation (72), and

the stress function for the elastic-plastic problem is equal
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to the sum of Equations (66) and (72). The displacement function
is obtained ir the same manner. In order to satisfy the
Dugdale hypothesis of finite stress at x, = 0,consider the

resultant expression for ¢j(zj) which is

v/e+d a
¢.(z:) = -9.(s,,s,) Q -2V, +
J J gJ 1 2 /EJ—.(Zj+C+d) Z %

J
ivz., + /d
i [ ———— . (73)
i/z’} - /d

Thus, it follows that, for non-singular stresses at tne tip
of the plastic zone (the crack tip of the two superposed
elastic solutions), the coefficient of 1//?3 must be zero.
Then, the following expression relating the ratio Q/Y to

the geometric quantities must hold:

|O

7 = 2Tcxd)/d . (74)

g

The expressions for ¢j(zj) are then

| iVE[ 4 /
¢j(zj) = ng(sl,sz) 2/zja - 1(d+zj)2n —J

i/?g - /d
i/?g + /c+a>
+ 2i/d{c+d) &n 75
1/73 - Vc+d (75

This displacement, uf, of the upper crack surface may
be obtained by substitution of Equation (75) into Equation (62) with

zj equal to X . The result is
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+ sl(si-l)Y vd - /-x]
u, = - 2/-(x135 - (d+xl)2n —_—
nu[4slsz-(1+s§) ] vd + /777
T N
+ 2/d{c+d)n x<0 | (76)
Yec+d + V/-x, /
The length d of the plastic zone is independent of :
i
velocity and is related to Q/Y and the distance c of the H
load Q from the physical crack tip by Equation (74). The re- 5

lationship is shown graphically in Figure 15.

Since the plastic zone length is independent of velocity
a contour C which surrounds the plastic zone and is fixed
in size with respect to time may be used in calculating the
energy dissipation for this model. Then, the path indepen-
dent integral around the contour of Equation (8) may be evalua-
ted by shrinking C onto the boundary of the plastic zone.
As a result, the expression for GI is

ou au

G=-JT1.—-—1—ds=jo Lodx. . (77)

ax1 22 ax1 1
L L

In the case of perfect plasticity considered here,

9., is equcl to Y, the constant yield stress. Therefore

3u
6y =¥ f s 4%, = YIu ) (78)
L 1

or
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Figure 15, Finiteness Condition for Semi-Infinite Crack.
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where GT is the crack opening displacement which is defined
in terms of the displacements u: and u; of the upper and

lower crack surfaces at X =.d as

Then making use of Equation (76), the expression for

for the semi-infinite crack model is

512 2(s3-1)Ys /e+d - Vd
5= = d + /d(c+d) an | ——
nu[4slsz-(1+s§)2] Yc+d + /d

(81)

For convienience, using the above, the energy release rate
may be written as the product of the normalized elastic

value and a function of Q/YC. That

G

GI Ie]

-+ = —— f(q) (82)
Gy 6§

with g = Q/YC and

f(q) = {1 - /T-q% + pan(q + fl+q2)} . (83)

_D'JI\)

Figure 16 1is a plot of f(q) versus q. Note that f(q) is
equal to the ratio of GI to the corresponding elastic value

G , at a given crack speed.
Ie]
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Ratio of Plastic ‘to Elastic Energy Release
Rate as a Function of Normalized Load for
Semi-Infinite Crack.
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4.4 CONSTANT LENGTH CRACK

Consider next the problem of a crack of fixed length
2¢ which propagaies with a fixed velocity v. This crack
model, with a Dugdale plastic zone is shown in Figure 17.

With a=c, the elastic case would be depicted.

As for the semi-infinite crack model, the general re-
sults of Appendix I apply for the elastic results. Thus,
Equation (64) also applies for the finite crack problem
with G; the static energy release rate now being

A L (84)

The analysis for the plastic case is similar to that
used for the semi-infinite crack. Using the¢ results of
Sih (12) solutions for the sectionally holomorphic functions
Qj(zj), for a crack of length 2a, in an infinite elastic
medium, when @l E 0 for all x on the crack line, are of

the form

| Y8 f.(€)/ETaz F.
¢.(z,) = —— — J dg + J (85)
JJ £-2
2ni/z§-a2 -3 J zj-a

where the functions fl, fz, I‘1 and F2 are

+ =

(]+S§)(°zz + 022)
fi(E)= (86)
(14s7)% - 4s s,
4s s,
f -- f (£) (87)
? (1+s2)
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Fiqure 17. Constant Length Crack With Dugdale Plastic
Zone Propagating with Velocity.
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r = T Y (88)
= = 88
' 2(s2-s2)

1 2
oCO [ o] +
o o
_ 292 11 2
Bp = (89)

. + - .
with °,, and ., being norm21 stresses on the upper and

lower sides of the crack and with oT and cjz being the

1

Stresses at infinity.

Consider first the problem wherec concentrated loads Q
are acting on the upper and lower crack surfaces at X, = +b,

-b (see Figure 18). For this case, T = r, = 0 and

2(1+s§)P
5= [8(g+b) + &8(g-b)]. (90)
(1+s§)2-4sls2

Then ¢j(z.) are

J
va2-b? z,
¢5(z5) = -2g5(s 5,00 ————L— (91)

(z§-b2)¢z§-a2

where gj(s1’sz) are given by Equations (67) and (68).

The above expression may be used to generate the solu-
tion to problems where uniform tractions areimposed upon
the crack edge. For the case shown in Figure 19  where
the portions of the crack surface extending from lxll =cC
(z:) may

J°
be obtained by letting Q = pdf and b = £ and integrating

to {x, |= a are under pressure p, the functions ¢
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Figure 18. Constant Length Crack Propagating with
Velocity v and Loaded by Concentrated Forces.
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Figure 19. Constant Length Crack Propagating with

Velocity v and Loaded Uniformly over Portion
of Crack Surface.
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Equation (91) over the range c<f<a. The result of this opera-

tion is
-1
Qj(zj) = -gj(sl,sz)p szcos (c/a)

J
\zj/ai-cE + c/az-z§

z./a?-c? - c¢/a?2-22
- 4 ]Og J )‘l“ T (92)

In order to obtain the solution for a crack length 2c¢
with a plastic zone of length (a-c), the above solution with
p = -Y is added to the elastic solution of a crack of length
2a under uniform tensile stress P at infinity (see Figure

17). Tae latter solution, which may be obtained from

2) .
Equations (85) through (89)(]“) is

z.
. . = . 1 - g
q)j(z\]) gJ(Sl,SZ)PT[ Z§L—-a 1] + AJ (93)
with
Al SHT= P (94)
2(s%-52)
Ry = — B (95)

T+s2  2(s?-s3)

Inspertion of Qj(zj) for the two cases reveals that,
for the superposition of the two solutions to satisfy the
Dugdale hypothesis of finite stress in the neighborhood of
|x,|= as the following condition must be met:
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z = cos[$ %] 5 (96)

The superposed solution that satisfies this condition is

then

z./a2-c2 - cvyaZ-2%
&, (Z:) = -g.(sl,sy)Y i log 3 J
VY J i zj/az-c2 + c/az-z§

(14 _5-)} A (97)

In order to evaluate displacements, the functions ¢j(zj)
are obtained bv integrating the preceding expression with

respect to zj. Thus,

J
szaf-cE = c/az-zg

¢j(zj) = -gj(sl,sz)Y iz.1og

(z./az-cz - c/§77?§)
J

Ya¢-c¢ - Vaz-z2Z p
- iblog J -ﬂ<1+7)z. + AJz._
Vaz-c? + /a2-z§ J J

(98)
Then, by Fquation (62) the displacement on the upper por-
’ tion of the crack surface is
2
+ sl(l-sz)Y x,7a2-c2 - cv/a?-x?
u, = xllog

nu[4slsz-(1+s§)2] x,v/aZ-cZ + c/a?-x?

vaZ-c? + va?-x?

vaz-c?Z - JaZ-x1?

1

+ ¢ log |x|<a. (99)
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The crack opening displacement, GT, at |x1| = c is

451(1-s§)Yc
8p = log(a/c) (100)
nu[4slsz-(]+5§)2]

or, making use of Equation (9€)

451(1-s§)Yc
¢ = Tog[sec(
mu[ds s -(1+s3)?]

=

<5 (101)

|

ro
-

Use of the Dugdale hypothesis has led to a relationship
between the length a of the plastic zone plus the crack, the
length ¢ of the crack, the applied stress P,and the yield
stress Y. The relationship is again independent of crack
speed and, since Equation (96) is the same as Equation (56), is
identical to the static result. Thus, calculating the energy
release rate the same reasoning as was used for the case of
the semi-infinite crack applies and the general expressions
of Equations (77) - (79) and Equation (82) are valid in this case

also, with f(q) being given as,

f(q) =

— Tog(sec[7 ql) (102)
W |

where

q = P/Y . (103)

Again, it should be noted that f(q) in Equation (102) is equal to
the ratio of the plastic energy dissipation to the elastic
energy release rate for the Yoffé model. This ratio,
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independent of crack speed, is plotted in Figure 21. Thus,

for a given value of P/Y the value of GI ]/G; may be obtained
Y

by multiplying the plot in Figure 20 by the corresponding

value of f(q) obtained from Figure 21.
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Rate as a Function of Normalized Load for
Fixed Length Crack.
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SECTION V
PLASTIC FLOW AROUND AN EXPANDING CRACK

A more realistic crack model for the projectile pene-
tration problem should involve a central crack in the tar-
get material moving at both ends. As before, the material
along the lines of expected crack extension will be assumed
to flow plastically and to move with the crack but at a
different velocity. The energy released as a function of

the crack speed will be examined.
5.1 CRACK EXPANDING ELASTICALLY

Broberg (1) considered the case of an infinite elastic
plate, under uniform tensile stress P, with a crack opening
from zero length and extending with uniform velocity v.

The stresses and displacements near the crack tip for this
case are given in Appendix I. It should be noted that this
model would apply to the case where an expanding crack has
reached a length several times greater than its original
length prior to propagation (after the initial acceleration

stage).

One of the important contributions of the Broberg solu-

tion was that it allowed a more realistic estimate of the

rate at which energy is aissipated at the crack tip, i.e.,

[«N

p
the energy release rate GI. Using Equations (14) and (I-11), a
*
plot of the normalized energy release rate, GI/GI, versus
the ratio of crack speed to dilatational wave velocity is
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given for steel (v =0.29) in Figure 26. Two factors should
be kept in mind when using this plot. First, the normaliza-
tion with respect to G; implies that the value of GI at a

given velocity is directly proportional to the instantaneous

crack length c, since, with the value kI = P/T,

G G
G (_})e’; : (-%)1 1) p ¢
G G A
I I

Secondly, the value determined is the predicted amount of
elastic energy irreversihly absorbed by the crack tip at a
given velocity; the mechanism by which this energy is ab-
sorbed is not specified. Thus, in order to derive a func-
tional relationship between the material parameters, crack
length, load, and velocity, this mechanism must be properly

modeled.

If, for example, the Griffith criterion of direct con-
version into surface energy is used, the velocity could be

approximated through the relation

GI = 2v
or
G’I‘ m(k+1)P2¢

where vy is the specific surface energy. Thus, the predicted
limiting velocity as c»= would be the Rayleigh wave velocity

CR- However, the above criterion can only be applied to an
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exceedingly brittle material such as glass, with the assump-
tion that vy is independent of crack speed. Experimental
evidence supports the fact that crack velocities in ductile
materials are dependent upon a dissipative process and may

be limited to speeds which are only a fraction of R (29).
5.2 PLASTIC YIELDING AROUND THE CRACK

Incorporation of the Dugdale hypothesis into the material
of dynamic crack propagation allows consideration of plastic
energy dissipation. However, as will be seen, this does
not satisfactorily specify the absorption mechanism. That
is, again an additional condition dealing with material be-
havior is necessary if one desires the limiting velocity
for a given material and applied stress. The information
that is obtained here is the amount of energy dissipated by

a very specialized plastic zone for a given crack velocity.

The formulation of the elastic boundary value problem
that is equivalent to the elastic-plastic problem of a
uniformly expanding crack with a Dugdale plastic zone ahead
of the crack tip is made in the same fashion as for the

st eady-state and static problems. Atkinson (14)

consi-
dered this problem for a crack whose tips have a velocity
v with a plastic zone, the end of which is traveling at ve-
locity B. The equivalent elastic problem, then, consists
of an infinite plate under uniform tensile stress P with a
crack of length 2a = 2Bt upon which tensile stress Y is

applied over the region vt<|x|<Bt. The expressions for
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normal stress 0,,, ahead of the plastic zone and for the
second derivative with respect to time of the displacement,

U,, of the crack surface are

1 k?
2y)2
S %I:J (s-2k?)2ds e J /K23 ds]
22 . s/s{T-s]s-B2)3 5 S/E[e-BE)E

]
_A[J (s-2k?)%ds
2 L1 s(s-b?)/sTT=5T(5-B2T

vkZ-5 ds } + P

s(s-b2)/s(s-

- 4k?

(104)

- X

for x, = 0 and IX1|>BOT(OF r>B§) and

2 1
97U, _ -Re[F(r)] (P-Y)g,r o 1 J [
9t?  2mk*pc?|x, | r-g2 r- b2 ‘8 B2

0

B.r
- —‘—l—‘—i] ¢(s)ds 0<r<g? or 0<|x [<B,T
/s(r-83) '
(105)
where

= Clt k = cz/cl

b = Vi, r = i/ (106)

By = B/cl

and Y is the yield stress of the material. The elastic
wave velocities, c, and c,6 » are described in Appendix I.

The functions F(r) and ¢(r) are
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b 32
Fir) 4k’ r 1-r
(r-2k2)2-ak3/(0-r)(k2-7)

(107)

and
y
(g - —TA g (r=2k")® -4k TVIIREFT o g2cpege
r-b2 r/{T-r)(r-g%Js
o(r) = ¢
2472
k T TA ] (r-2k*) k2<r<] (108)
r-b*  r/{T-r){r-gz]:
where

2Yb*/{T-b7](B2-b2])3

m[4k3/TT-bZ)(KZ-bZ)-(b2-2k2)2]

and where the following equation may be used to obtain B,

1
2(P-Y)8B /s-8
B = g 1 J 0 4(s)ds . (110)
™ ™ ™ /g
BZ

0

An algebraic expression for B in terms of elliptic
integrals may be obtained by combination of Equations (108), (109),
and (110). The result obtained by Atkinson has been cor-

rected here and is as follows

- ] _TA .,
82 = 2(P-Y)8, o L (111)

where
2[B§-4k23§ +4k?]

Z = K(/T-BZ] +
' B, (1-82)
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4 2 2 2 L)
- 2[80'4‘( (]+k )Bn+8" ] E(/]—_B—z—)—
S(1-82)

- %—— K(/T-BF7KkZ] + ]5k E(/T-B3/7k?) (112)

0

and

2b2(8§-2k2)2
. = - K(VT-B2)
* B,(B2-b2)(1-82) :

b?(B2-2k?)2-8k*(B2-b2)(1-82)
¥ E(/1-8%)
B2(B2-b2)(1-82) 0

8k2b2 8k“(85'2b2)
e RS K(/T?§§7F77 + E(/T-B2
Bo(so-b ) 33(e§-b2)
28, (b2-2k? )2 1-82
it L J/T-87
(1-b2 )(32 b2 ) 1-b? 0
8k?*B, 1-B2/k?
2 —se-nll -———%——; . -B2/k2 | . (113)
(B2-b*) 1-b2/k

The functions K, E, and II, are complete elliptic integrals
of the first, second, and third kinds respectively, and are

defined in Byrd and Friedman (33),

Eyuation (105) must be integrated twice in order to

obtain the displacement of the crack line. To this end,

Equation (105) i: rewritten as

A rRe[F(r)] {(p-y)g + (r-Bz) Yb -

d12 2nk“pci|x1|(r-6§) (r-b2)
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1 ] (5'33) ] ] /E-Bo o
-3 I Toal ¢(s)ds + 7 Jﬁ = ¢(s)ds} 0<i<Bo .
B B (114)

Application of Equation (110) simplifies the preceding equa-

tion to read

2 2
L - _ _rRe[F(r)] {l‘_ B + M)_YE
312 2nk*pc? |x | (r-82) r-b?
] ] (S'B(z)) 2
oy f e ¢(s)ds} 0<rep? . (115)
82

Recalling that the expression for ¢(s) is given in
Equation (108), the integral in Equation (115) may be broken down into
four integrals which may be evaluated by well known methods

of complex variable theory (30). After further simplifi-

cation through Equations (107) and (109), the resulting expression

for 82u2/'ar2 is

2
9%, - . r Blr;5 _ TAr% (116)
312 pcflxll(Bﬁ-r) /82-r  (r-b?)/BZ-r
0<r<g2

For any function g(r,x), where r is given in Equation (106), the
chain rule of elementary calculus ailows the derivative with

respect to t of g to be written

3g - 3g ar ., r¥ a9
oT or 9T 2 |x1| or (117)
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Thus, Equation (116) may be written

d z} _ 1 B TA
- = . ]]
o 2pc2 [(82-r)°% (r-b2)(82-b2)¥ e

Integration of the above expression yields

2 ] B 2TA
2 - (119)
9T 1/2 (Bz_bz)(ez_r)l/z

Vg2-b2 - /gZ-r
- ————— log 0<r<p? .
(82-p%)% /BITT + /gTobI 0

Again making use of Equation (117), a second integration with

respect to r leads to the result

Ix 1 [ .5 —— 2TAVB2=T
U e B Rl e
2pct (BT Bo(eo-b )r
/gT-b% - /gI-T
S — ‘ﬁg log | —2 (120)
(B2-b2)¥2 | r VgZ-r + /g2-b?
0 0 0
: r5/5767 + bYETF
+ ¢ log 8 0 0<r<8§ .

r%/3§-1ﬂ - b/ETT

The condition that stress be bounded in the neighbor-
hood of the points |x1|=601 is satisfied if the slope of
the displacement of the crack surface is zero at IX1[=8°T.
Differentiation of Equation (120) with respect to X reveals

that this condition requires that
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TA
B = . (121)
2 2
B2-b

With elimination of B by the above relation, the expression

for u, may be written in terms of X, and 1 as

T T T O

TA T/g2-b2 - Vr¥g2-x2

u, = - — {Tb1og
2pci(8§-b2)32b

'szBOZ'Xf + T/Bﬁ-bz

x VETTBT + b/ETTTx?
X\ VBeT = b BoT X

+ x,log (122)

5.3 FINITENESS CONDITION

Although Equation (122) does not explicity depend on the
applied l1oad P, there is implicit dependence through the
relationship between B and TA of Equation (121). This equation

together with Equations (111) through (113)  imposes a functional

dependence between the parameters P/Y, Bo, and b. Thus, in
evaluating u, only twc of these may be independently speci-
fied. Upon combination of Equations (111) through (113) with Equation

(121), the finiteness condition may be represented by the

equation
N
‘ 1-p/y = 411 - K(/T-gZ) + Ak E(/T-gZ%)
(82 b2) 0 szi(Bz‘bz) 0
4k "
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ak? 1-B2/k?
+ it 0 5 ]'Bj/kz

bz(Bi—bz) 1-b2/k?
2 24y2 2
L L, n(1'80 qtgq> . (123)
b2(1-b2)(6§-b2) 1-b2 0

Using the preceding equation, P/Y has been piotted as
a function of relative plastic zone size (Bo—b)/e0 for fixed
values of B, in Figure 22 and for fixed values of b in
Figure 23. The curve for B, =b=0 represents both the static
case and the constant velocity fixed length crack. An im-
portant effect to be noted here is that, for a given value
of P/Y, an increase in crack velocity causes a decrease in
relative plastic zone size. Figure 24 shows the variation
of B, > the normalized velocity of the plastic zone tip,
with the stress ratio P/Y when b is held fixed. It can be
seen here that Bo has a lower 1limit equal to the normalized
crack speed b and reaches a maximum which is less than or
equal to the normalized Rayleigh wave volocity when P/Y=1.
The plastic zone tip reaches the Rayleigh wave speed only

when the crack tip reaches the same speed.
5.4 ENERGY RELEASE RATE

For this model, the rate at which energy is dissipated
by the moving crack tip is evaluated by the result of Equation

(20) ir Section II.

Making use of the relation
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Figure 22. Finiteness Condition for Uniformly Expanding

Crack. Plot of Ratio of Applied to Yield Stress
versus Relative Plastic Zone Length for Various
Velocities of the Tip of the Plastic Strip.
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Figure 23, Finiteness Condition for Uniformly Expanding

Crack. Plot of Ratio of Applied to Yield Stress

versus Relative Plastic Zone Length for Various
Crack Tip Velocities.
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Figure 24, Finiteness Condition for Uniformly Expanding
Crack. Plot of Normalized Yelocity of Plastic
Zone Tip versus Ratio of Applied to Yield Stress
for Various Crack Tip Velocities.
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Figure 25. Plot of Normalized Crack Opening Displacement
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Crack Tip Velocities. Valid for Constant
Length Crack and Uniformly Expanding Model.
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and noting that uz(BOT’T) = 0, Equatior (20) may be written as |

GIb = 2YU2(bT

9T .

BT

- I uz(xl,r)dx1
T

Io)

,T)b + 2Y

QL

]
au
- 2
= J —=% dx + uz(BOT,T)B0 - uz(br,r)b
b

(124)

(125)

Upon substitution of Equation (122), the integral in the

above equation may

B T

0

i uz(xl,r)dx1
o

where
Byl
ISE i tblog
T
and
ByT
I2 = l x11og
T

The integral I1 is

be expressed in the form

=i TA (I_+1)

chzl’(si_bz)slzb H 2

T/B%:b2 - /fzgg-xf i
/?TEETY? + T/E?TE? e

x /Z-bZ + b/gITi-x2
dx
x V§Z-bZ - b/BTTT-X? '

T/g2B? - /Tﬁsg-xz)

I = 1bix log - —
! ' /17B2-x2 + 1/gZ-x2

¥ %E log (

TR+ tbx, - t/{gZ-b2]( 2g2-%2,
1282 - tbx -~ 1/(g2-b2)(r2R%-x2)
0 1 0 0 1
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O

PR e R o i
T26§ - Thx + T/(Ef-bz)(Tzﬁi-Xi)

1 TBy

X1
-1
+ ?T/3§-52 cos (?EI) (129)
b
which reduces to the result
B, 2/gZ-b? -1 ,b
I = 1t2b%{2log(+—) - —L— cos = (=) ). (130)
1 b b By

Considering next I,

X . vVg2-b%? + bvV1%p7%-x2
1, - %[(xi-ﬁbznog( . : )
X1/B§'b2 - b/T2B§-x1

X BoT
_2T2b/7‘5—50- 7 cos (T—é——)] (131)
¢ < bt
or
-l b
I, = t*b/gZ-bZ cos™' (g-) . (132)

Therefore, the derivative with respect to t of Eq. (126) is:

B T
0
2
%? J uz(xl,T)dx = 2TAZb = [ BE'E cos™! (%—)
e pcl(Bo-b ) ¥éb 0
BO
-2 109(5—) . (133)

From Equation (122), the expression for u,(bt,7) is obtained

to be
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(bT)TA
pci(Bz-bz)yzb

u, (bt,7) = 109(%3) (134)

and, from Equations (125), (133), and (134), it follows that
GI is

6. = 2YTA(bT)
pcj(si-b2)32b

_ 8
°b cos™ ' (%—) - 109(51) )

0

[m

(135)

The energy release rate normalized with respect to the
corresponding static elastic value is plotted in Figure 26
and may be compared to the elastic result for a crack of

the same velocity and Tength.

A quantity mentioned previously as being of descriptive
importance is the crack opening displacement, 6T, at the
point |x |=vt where the plastic zone begins. This quantity

is twice the displacement uy(br,b),given by Equation (134), or

- __2cTA
pc(82-b%) ¥ b

log(8 /b) . (136)

Since B /b = a/c, it is easily seen that Equation (136) is the
same as Equation (100), the crack opening diplacement for the
fixed length case. It should be noted, however, that for

a fixed applied stress P, the pehavior of ST with respect

to crack velocity is not the same. This is due to the fact
that in the steady state case, for which Equation (100) applies,
the ratio a/c is dependent only on P/Y and is independent

of crack velocity, while a change of crack velocity in
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Equation (136) when P/Y is fixed requires a change in Bo/b through !

the finiteness condition.

o semses

The relation GI = GTY has been used in Section IV for
the static case. Multiplication of Eq. (136) by the yield

stress Y and comparison with Eq. (135) reveals that this

relationship does not apply here. The basic difference is

3 that expanding crack model accounts for energy dissipation
’ not only through the translation of the plastic region with ;
the crack tip but also through enlargement of this plastic
region. Therefore, one would expect that GI’ as given by
Equation (135), would be higher than GTY. This is shown graphi-
cally i1 Figure 27 where the relative difference between
GI and 6TY is plotted as a function of normalized crack
velocity b and in Fiqure 28 where the same difference is

plotted as a function of P/Y.
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SECTION VI
RESULTS

General results have been presented in Section II that
allow the calculation of the rate at which energy is released
by a uniformly moving crack. Of particular interest is the
fact that a path independent integral may be used for this
calculation not only for the steady state cases of crack
propagation but for the non-steady state case of the uni-

formly expanding crack, as modeled by Broberg.

The rate at which energy is dissipated due to plasti-
city was calculated, for the dynamic case, in a manner

(28) for

analagous to the analysis of Goodier and Field
the static case. Although a specific result was presented
only for perfect plasticity, work hardening can be incor-

pora*~4 through Equation (17).

.» vrder to gain further insight into the transient
response of the cracked plate,it is useful to review the
wave patterns. When a transient load is applied to the

crack surface, the result, aside from wave propagation from

the loaded surface, is that the crack tips form the center
r of two outgoing cylindrical waves. For the period of time,
ts, before these waves begin to interact the short time be-

havior of the solution is described by the equations

g.. = f£..(8) O<tet
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where r is the distance from the crack tip, and

k3= g

The function fij(e) is the same as in the static case. Since
the disturbance at one crack tip is not yet affected by the
presence of the other crack tip, this is the range for which
the solution to the problem of sudden loading on a semi-
infinite crack is valid. For normal loading the stress-
intensity factor may be obtained from the solution of Baker

-\
(7) which is,
k](s) - 0 /2 .785/C %7a)
for the case of steel.

This result is plotted in Figure 9 and shows good

agreement with the numerical solution obtained here.

The stress wave pattern loses its geometrical simpli-
city after the two cylindrical waves begin to interact al-
though, very close to the crack tip, the angular distribu-
tion and square root singularity remain the same. It is
during this period of maximum disorder that the stress-
intensity factor takes on a maximum value. The pattern
deccribed here is shown in Figure 7 for various times
after the initial loading. The outer wave front surrounding
the crack is not to scale and is obtained by allowing a
sufficient time to elapse such that c,t>>2a. At this time
enough energy has been transmitted away from the crack that

87




the dynamic-stress intensity factor is very close to the

static value.

These results presented here are in agreement with
those of Soltesz and Sommer(34)who experimentally deter-
mined the time-dependent stress-intensity factor due to
normal loading of a crack in a finite plate of Araldit B.
Measurements of the crack opening displacement, which is
directly related to the stress-intensity factor, showed
that kl'reached a maximum at approximately 10'5 seconds,
the same order of magnitude as obtained here. The oscil-
lations that were observed in crack-opening displacement
were explained as due to a combination of wave reflection
at the edges of the finite plate and oscillation in the k1
value due to the initially applied load, i.e., the result

demonstrated in this work.

The results of Section IV for the steady-state cases
may present some difficulty when an attempt is made to in-
terpret them physically. This may be seen in the elastic
case by examination of Fiqure 20 which applies for both
the semi-infinite and constant length crack. If the assump-
tion is made that the crack will run at a speed that causes
GI to be equal to a critical value GIc’ then, for a given
velocity, an increase in G; ,» the corresponding static

value of GI’ would have the effect of lowering the crack

velocity in order to maintain the same critical value of GI‘
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In the case of the semi-infinite crack,it can be argued
that the result of an increase in the applied load P would
be to increase the distance ¢ from the crack tip, thus pos-
sibly maintaining the same value of G;. The results for
both the elastic and plastic case should have some use in
considering the physical problem of a wedge load applied to

the crack surface.

The character of the elastic stress-field ahead of a
moving crack tip is the same for all constant velocity models
of the same mode as stated in Appendix I. Thus, since the
Yoffe model was the first dynamic crack model, the results,
in this respect, were a valuable contribution. However, it
is important to note that the model of a crack which opens
at one end and closes at the other is physically unrealizable,
and one should expect paradoxes in the result of any analysis.
The fact that the results indicate an increase in the elastic
energy release rate with velocity for a given load and
crack length is such a paradox since, in effect, it says
that for a given load the larger the crack length the lower
the corresponding crack speed. Further, note in the elastic
case that the energy release rate for the entire system is
zero {(no energy is transferred over a boundary surrounding
and moving with the entire crack) while the energy release
rate for one crack tip approaches infinity as the crack
speed approaches the Rayleigh wave velocity. In the corres-
ponding Dugdale model, the length of the plastic zone is
independent of the crack velocity. This, in itself does
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not agree with the analysis of the more realistic Broberg
model. In addition, Equation (99) indicates that the displace-
ments vary from zero to infinity along the crack surface
when the crack speed approaches CRr- This violates the as-
sumptions of infinitesimal strain theory and indicates the

solution is invalid for large values of crack velocity.

It is the conclusion here that the Yoffe model should
not be used to evaluate the quantitative eftfect of crack
velocity on energy dissipation or plasticity and strain
rate effects. Kanninen et al (29) used this model in deal-
ing with strain hardening and strain rate effects. Their
results are valid for low velocities since the value used
for crack surface displacement is dependent on velocity
through the function plotted in Figure 20. These authors,
in fact,only used the Yoffe model as supporting evidence
for the approximation of the dynamic case by the static
values. Inspection of the corresponding curves for the
Broberg model indicates that, while there is a range over

which the quasi-static case may be used, it is not as large

as anticipated by the results of Figure 20.

The Broberg model corrects many of the defects found
in the Yoffe model. It more closely approximates the
physical situaticn in "“at it takes into account the fact
the crack is increasing in size. The elastic and plastic
results for the strain energy release rate (Figure 26)

*
follow a trend opposite to the Yoffe model, with GI/GI
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approaching zero as v*cR. Therefore, although the results

iyl QMW

for both wedels have indicated the Rayleigh wave speed as
an upper limit on crack velocity, the reasons are exactly
opposite. Physically, tne arguments for a limiting velocity :
based on either creation of surface energy (see sub-section 5.1)
or plastic dissipation make more sense when used in conjunc-

tion with the Broberg model.

When the Dugdale criterion is incorporated into the
Broberg model, the finiteness condition dictates that, for a
fixed value of P/Y, larger normalized crack velocities b
decrease the relative plastic zone size (Bo-b)/Bo(see Fig-
ure 23j. In addition, at high velocities the plastic
value of energy dissipation approaches the elastic value
(Figure 26). These results are supported by experimental
evidence which indicates that high velocity fracture is

essentially a brittle process.
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APPENDIX 1
ELASTIC PROBLEMS OF UNIFORM CRACK EXTENSION

In terms of polar coordinates r and 6 with the origin
at the crack tip as shown in Figure 1, Sih (3) has shown
that, for a class of dynamic crack propagation problems in
which the crack tip moves at a constant velocity v, asymp-
totic expansions of the dynamic stresses and displacements
as r+0 can be found without specifying crack geometry and

loading conditions.

For the opening mode of crack extension, where the loads

are placed symmetrically with respect to the crack line, as

in the Yoffé and Broberg models, the singnlar portion of

the dynamic stress field near the crack tip is

kl
o = —F (s ,s J[(1+s2)(2s2+1-s2)f(s )-4s s f(s )]
11 /zr 1 1 2 1 2 1 1 2 2
(I-1)
k
0,,= — F (s ,s ){4s s f(s ) - (1+s?)2f(s2)] (1-2)
/zr 1 1 2 1 2 2 2 1
. 2s (1 [ ]
= — +s?)F s - 2 =
o . - s ( s2)F (s »s )lg(s ) 9(52) (I-3)

The corresponding displacement expressions are
wu =k v2r F (s ,s )J[(1+s?)(cos?6 + s?sin?0)f(s )
1 1 1 1 2 2 1 1
+ 2s s _{cos?6 + s?sin?8)f(s )] (1-4)
1 2 2 2
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_ 2 2 2_ . 2
Hu, = kl/EF Filsy s, )Is (T+s))(cos™® + sisin®8)g(s )

- 25 (cos®8 + szsinze)g(sz)] (I-5)

where k, is the opening mode stress-intensity factor for the

corresponding static case. The functions Sj (j=1,2) are

sy = D1 - (we)?® g =02 (1-6)
in which ¢, and ¢, are,respectively,the dilatational and
shear wave velocities in an infinite elastic continuum. In
terms of the shear modulus u, Poisson's ratio v, and the

mass density p, ¢, and c, are

[Zu(1—v)/p(1—2v)]g , plane strain

1 I-7
[2p/p(1-\))]!5 , plane stress ( :

, = (u/o)%. (1-8)

O
1

The quantities f(sj) and g(sj) describe the angular distri-
bution of the stresses and displacements and are obtainable

from:

fz(sj) + gz(sj) = sec€3(1+s§tan26)'!5

(i=1,2) (1-9)
fz(sj) - gz(sj) = sec6(1+s§tan26)'1
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The function Fl(slsz) depends on the particular problem

under consideration. For the crack of fixed length propa-

gating at a uniform velocity, F1(51’sz) is

:

Fo(s »s ) = [4s,s, - (14s2)2]70 (1-10)

PN

For Broberg's solution,
- 207 2.2 - 2(71_c2
Fl(sl,sz) sl{[(1+sz; 4slsz]K(sl) 451(1 sz)K(sz)

Zl

- [8s2 + (1+s2)2]E(s )+8s2E(s )}
1 2 1 1 bl (I_-l-l)

The expression for k1 is seemingly the same for both

models, that is

k = p/c

1

i where ¢ is one-half the crack length. However, for the Yoffé
model ¢ is constant whereas for the Borberg model ¢ is a
function of t. Thus, in calculating energy release rate,

one should be aware of the restrictions in sub-section 2.3.

For a semi-infinite crack with the load and geometric
configuration of Figure 12, Fl(sl,sﬁ) is also given by
. Equation (I-10) and the stress intensity factor k1 is equal to

((Q/m)v/(27c7].
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APPENDIX I1I
NUMERICAL PROCEDURE

The dual integral equations formulated in Section III
were reduced to a Fredholm integral equation that must be

solved numerically. This integral equation is in the form
1
* *
A (E,K)-I A (g,k)K(E,k)dn = h(g) (I11-1)
0

where h(&) and K(&,n) are known functions.

The method of solution that was chosen was to approximate
the integral in Equation (II-1) by a finite sum and solve the fol-

lowing set of simultaneous linear equations for the unknowns

A(gi,K).

~—
-
—
=3
~
~—
|
>
—
¥y
~—

. ajK(Ei,nJ j = j (11-2)

The constants, aj, are chosen in accordance with

Simpson's rule and

&, ((—% , N o= N} : (I1-3)

=|=

*
The function A is thus approximated for each choice
of the parameter,k , which is related to the Laplace trans-

form variable p by the equation,

ap (I1-4)
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*
By this means, for a given value of &, the function A (£&,x)
can be represented numerically in the Laplace transformed
*
domain. The curve showing A (1,k) as a function of k is

shown in Figure 8.

In order to complete the solution for tiie near-field
stress components, the function M(t) defined by Equation (53)

must be evaluated. Noting that
- \
L m(t)dt) = B Lim(t)? » (11-5)

it follows from Equations (53) and (51) that
*
M(t) = L [f (p)r (1,x)]. (I11-6)

For the particular example treated numerically, f(t) is the
Heaviside step function and therefore f*(p) is 1/p. The
solution is then completed by evaluating numerically the
inverse Laplace transform of the function A*(l,cz/pa)/p.

The Laplace transform pair in question may now be written

*
A (1,c,/pa)

- - [ merexp(-pter (11-7)
: *
1 f A (1,c,p/a)
] ML) = om 5 exp(pt)dp. (I11-8)
Br
Make the following definition
I (11-9
¢ % -9)
2
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C2
T =2 (11-10)
A:(],s) IR (T laill)
MI(T) = M(t) = M(aT/cz) . (II-]Z)

Then, in terms of the variables s and T, the Laplace

transform pair is

oo

AT(.s) | (MI(T)exp(-sT)dT (I1-13)

S

e J A*(1,s)

5 < exp(sT)ds . (11-14)

Br

Having available the solution of Equation (11-1), A:(i ,5)/s is
known for discrete values of s. There are a number of
methods available that allow calculation of a functicn from
knowledge of a finite number of values of its Laplace trans-

form. The one used here is due to Papoulis(35), as en-

(36)

larged wupon by Miller and Guy In this case,

Al(l,s)/s is evaluated at points given by

s = (1+n)8 , n =0,1,2,"""> (II-15)

where & is a real positive number. In order to change the
infinite range of integration in Equation (II-13) to a finite one,

the following definitions are made:

a8
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x = 2exp(-6T) -1 (11-16)

; enf(x+1)/2]). (11-17)

<
—
>
~—
n
=
-
—
-—{
~—
]
=
“—
1
!

Equation (II-13) is then changed to

A*(1,014n16)

1
_ 1 n
- Ty F 2n+1-l (T+x) w(x)dx . (11-18)

The function y(x) is expanded in a series of Legendre poly-

nomials orthogonal on the interval (-1,1) as follows

ﬁ Y(x) = ] CP (x) (I11-19
: W kK )
where
n ,n
P(x) = 1 4 () (1)) (11-20)
2 ' n!  dx
i and,
+1 0 n#Em
Pn(x)Pm(x)dx = ; (11-21)
_ SR
A+
2
1 Note that
. . n
(1+x)" = ] a P (x) (11-22)
k=0
where
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= 2"(2ks1) Mncllereln(keT)] (11-23)
(n+1)(n+2) < (n+k+1)

ay

Then, making use of Equations (I1-21) through (I1-23), sub-

stitution of Equation (II-19) intc Equation (II-18) yields the follow-

ing set of equations that may be solved for Ck:

A:(l,[1+n]6)

. § nnb)eee[n-(ke1)] (11-24)
(1+n) KS0 (n+1)(n+2)ee«(n+k+1) K

n:],z,.ll’

Note that, for n=0,

*
A(1,8) = C0 . (11-25)

1

If N coefficients are calculated, a partial sum is ob-
tained from Equation (II-19), and by Equations (II-16) and (II-17) an
approximation of Ml(T) is given as

N-1
M(T) = [ C.P [2exp(-6T)-1] . (11-26)

The parameter & is chosen so that M(T) is best described

for a particular range of T.
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